HANKEL MATRICES()

BY
HAROLD WIDOM(2)

1. Introduction. A Hankel matrix is a matrix, finite or infinite, whose j, k entry
is a function of j + k. We shall present here certain theorems whose common
property is that they deal with spectral properties of Hankel matrices.

Nehari [3] has shown that an infinite Hankel matrix

H = (c;+4)> j,k=0,1,.-

represents a bounded operator on the Hilbert space [, if and only if there is a
bounded function ¢ such that

0 &= 5 | #@ea0, =010,

and that
[H] = inf] ¢

where the infimum is taken over all ¢ satisfying (1). In §2 we shall determine
analogously the smallest closed symmetric convex set containing the numerical
range of H. This will be shown to be the intersection, taken over all ¢ Satisfying
(1), of certain convex sets explicitly described in terms of ¢. Unfortunately
the determination of the numerical range itself, rather than its symmetrization,
seems much more difficult.

§3 is mainly devoted to the study of the rate of approach to zero of the eigen-
values of positive completely continuous Hankel matrices. Formulas, valid asymp-
totically for small ¢, are found for the number of eigenvalues greater than e.
Rather than involving the c; directly, or the functions ¢, the formulas involve
the measure on (—1,1) whose moments are the c;. With practically no more
work we are able to obtain similar formulas for integral operators on (0, o)
whose kernels depend on the sum of the arguments.

In §4 we consider finite Hankel matrices. It is assumed that the c; are ultimately
positive and well behaved and various theorems are proved concerning the limit-
ing behavior of the eigenvalues and eigenvectors of the matrices

HN =(cj+k)9 J’k =0,1:""N_1
as N> 0.
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2. The numerical range. The numecrical range of the bounded Hankel matrix
H is the set

W(H) = {(Ha,a): |a| =1}

o0
! Y cinad; X |a;)? = 1}.

J,k=0

(Here we use bold face letters to represent vectors in I,.) W(H), like the numerical
range of any operator, is a convex set [2]. Let W(H)denote the smallest sym-
metric convex set containing W(H). We use ‘‘co” to denote convex hull.

LEmma 2.1.

W(H) = co E(Ha,z) +—;(Hﬁ,a)= la] = 1}-

Proof. Given a vector a let us write @ = a’ + ia” where a’ and a” have real
components. An easy computation shows that

(Ha,a) = (Ha',a’) + (Ha",a”
and
(Ha,a) + (Ha,a) = (Ha',a') — (Ha",a").

Denote by W, the set which we allege W,(H) to be. The first identity above, to-
gether with the fact that |[a’||2 + ||a”|* = a|?, shows that W(H) = W,. But
since W, is convex and symmetric this implies W,(H) = W,,. The second identity
shows that for every vector a with || a “ =1, the number

1 _ 1, _
E(Ha,a) + E(Ha,a)

is of the form 4(z’ — z") with z’,z" € W(H), and so belongs to W(H). This proves
Wo = W(H).

The proof of the following lemma imitates the proof of a theorem of de Leeuw
and Rudin [1] which determines the extreme points of the unit sphere of H;.
(Actually, using the theorem of de Leeuw and Rudin, the Krein-Milman theorem,
and other heavy machinery, one could quickly prove a weakened version of the
lemma which would be sufficient for our purposes. It seems better though to
simply repeat the de Leeuw-Rudin argument in the present setting.) Recall that
H,, consists of those functions in L,(—m,n) whose Fourier coefficients for negative
values of the index all vanish.

LEMMA 2.2. Every function fe H, which has L, norm at most 1 is the limit,
in the L, norm, of convex combinations of squares of H, functions each of L,
norm at most 1.

Proof. Since f is the limit in L; of the (C,1) means of its Fourier series we
may assume to begin with that f(0) is a trigonometric polynomial Xa je“". Let
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F(z) denote the corresponding polynomial X a jzj . Suppose F has a zero at a
point { inside the unit circle and let

() = lz— {z

e EF(z).

Then for any complex number f # 0,
oy _ 1 e—¢ )2 G(ew 1 -{ 2 G()
F(e)—4(131 it 1) T 4(/31_&,‘, 1) 2.
If | 8] =1 then we have, since |f(e” —)(1 — )™ | =1,

R o+ NS (u%#fii‘ze{o) 1662

(2 = real part.) Thus if B is chosen so that
92/3} e’ = |G(")|do = 0
1 — lei®

we shall have

|3 (820 1) %52, = 1ol =

Moreover the analytic functions

(it

have one fewer zero inside the unit circle than does F. If we continue this argu-
ment repeatedly we find that F(z) is a convex combination of functions G(z)
analytic on |z| <1, nowhere zero on |z| <1, and satisfying |G,(e )||1 <1.
Each G(z) has a square root (G,(z))'/? which is analytic in |z <1 and con-
tinuous on |z| 1, and (Gy(e"))!/* are the desired H, functions.

Given a convex set K containing 0, define

o(x,K) = sup{r20: rae K}

for complex numbers o of absolute value one. The closure of K is uniquely de-
termined by the function w(e, K). In the next lemma, the crucial one, we denote
by @ the class of those bounded functions ¢ which satisfy (1).

Lemva 2.3. (e, W(H)) = }infyco | 2 $(0) + 3p(—0) | o

Proof. Given a vector acl, let f denote the H, function whose Fourier co-
efficients are the components of a. We have then



4 HAROLD WIDOM [January

Ra[(Ha,a) + (Ha,a)] = R Xc;ma; + X ¢jeidid;]

= R X (a;4y + Fj1p)Ad;
= a5 [ 30 + ap-0)1 07 do.

Since |f|7 = 2n| a||> we conclude, using Lemma 2.1, that

o, WAH)) = sup REW,(H)
= joup ([ PO+ ap(~0)1/0d0:fe Ha, | 1] 5 1)
and by Lemma 2.2 this is
3sup {8 [ (3@ + ao(-07@)0: ey, 1], =1).
Since this holds for all ¢ € ® it is immediate that
ol WAH)) S pinfy e o] 280 + (=0 -

To prove the opposite inequality take any ¢ € ® and consider the linear func-
tional on H,, considered as a real normed linear space, given by

f- % R f [ $(6) + ap(—0)1f(6)d0.

The norm of this linear functional is at most w(x, W(H)), and by the Hahn-
Banach theorem we can find an extension of it to L, which has no larger norm.
Thus there is a function ¥ € L, such that

1¥ ]
i@ f [oB(0) + & (—0)1/(6)d0

IIA

o(x, W(H)),

2 [vos@d,  fei,.
This last identity shows that the Fourier coefficients of
1. —
n(0) = ¥(6) — 5[« () + a¢(~0)]

for nonpositive values of the index all vanish. Thus ¢, = ¢ + aif belongs to
® and

2B+ ai(= ) oo = 5[ 900) + FCD) o S ot WAHD).

This completes the proof of the lemma,
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Given a pair of complex numbers z,z’ denote by E, ,. the ellipse, having foci
+ (zz')/* and major axis length |z| + |z’|, together with its interior. Since

1 ,
Ez,z' = {E(Bz +BZ ): Iﬂl é 1}9
the set of real parts of quantities in &E, ,. is
:.@%(zx—ﬁz +apz’):|B| = 1} = {@%ﬁ(af +az'):| Bl = 1:.

Thus
(e, E, ;) = supRaE, . = %|a2+ &z'|.

In view of Lemma 2.3 this suggests that the closure of W,(H) is the intersection,
over all ¢ €@, of the smallest closed convex set containing all Eyg 4—g). This
would be true were it not for the fact that the functions ¢ may be discontinuous.
We must somehow use only those pairs ¢(6),¢d(—6) which are important, and
this is the reason for the following considerations.

Given a complex valued function f the essential range of f, here denoted by
R(f), is defined as usual to be the set of complex numbers z with the property
that for each ¢ > O the set

{0:1(0) — z| < &}

has positive measure. Analogously given two functions f,g we define R(f,g)
to be the set of pairs of complex numbers (z,z") with the property that for each
€> 0 the set

{0:|f(0)—z| <e¢ and Ig(())—z’l <g}
has positive measure.

LEMMA 2.4. If f and g are bounded and F is a continuous function of two
variables then R(F(f,g)) = F(R(f,g&)).

Proof. The inclusion R(F(f,g)) > F(R(f,g)) follows trivially from the defi-
nitions and the continuity of F. To prove the opposite inclusion, let A € R(F(f, g)).
Let P and Q be closed squares, say both of side s, covering the ranges of f and g
respectively. Divide P into four closed squares P,,P,,P;,P, of side s/2 and Q
similarly into closed squares Q;,0,,03,0,. Then for the same pair
i,j 12i£4,1<j<4) the set

{0:(6)e P, g(6)€ Q;, and | F(f(0), g(0) — 4| < &}

will have positive measure for all ¢ > 0. (One need only find a pair for which
this is true for infinitely many &’s of a sequence tending to zero.) Write
P™ for this P, and Q" for this Q;. If we apply this process repeatedly we get
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a decreasing sequence of closed squares P®and Q™ with side s/2* such that
for each k the set

{0:(6)e PP, g(6)e Q¥ and |F(f(6),8(0)) — 4| < ¢}

has positive measure for all ¢>0. Let z be the common point to all the
P® and z’ the point common to all the Q ). Then since

{6:1(8) e P, 5(6) € 0¥}
has positive measure for each k we have (z,z')e R(f,g). Moreover for each
e, A is within ¢ of [ F(PY,0®) = F(z,z'). Therefore A= F(z,z')e F(R(f,8)).
THEOREM 2.1. The closure of W(H) is

co U E,,.
pcd (z,2°) € R($(6),6(—6))
Proof. Let us write

Ey = co U E, ..
(z,z") € R(¢(6),4(—0))

By Lemma 2.3 it suffices to prove
1y -
(@, Ep) = 5| 46(0) + a4 (~0) | -

If we apply the preceding lemma with
J6) = ¢(0), g(0) = ¢(=0), F(z,z') = o(&,E, .),
we obtain

R(w(a; g9y, 4(~0))) = @(at,Ep).

Since, as we have already seen, w(«,E, .)=4|aZ + az’|, the desired identity
is established.

3. Positive Hankel matrices. Tn order for the infinite Hankel matrix H = (c;4;)
to be positive, i.e. in order that every sum

N

h CirkQid;
k=0

J

be non-negative, it is necessary and sufficient that there exist a nondecreasing
function g on (—o0,00) such that

0
¢; = f x! du(x), j=0,12,...,

[o0]

(See, for example, Theorem 1.2 of [5].) Since in order for H to represent a bounded
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operator on I, it is necessary that the c; be bounded, it is necessary also that
u(x) be constant for x < —1 and for x > 1. Therefore throughout this section
we shall assume

1
Ccj = f xjdu(x), Jj=0,1,2,--
-1

where p is a nondecreasing function on [—1,1].

THEOREM 3.1. The following are equivalent:

(a) H represents a bounded operator on l,,

() ¢;=0(") as j— oo,

() p(l) — u(x)=0(1 —x)asx—1 and u(x) — u(—1)=0(1 + x) as x » —1.

Proof. First we prove the equivalence of (b) and (c). If we write = pu; + u,
where y, is constant for x <0 and p, constant for x > 0, we see that we may
assume to begin with that u is constant for x < 0. Thus

1
&= [ ¥ a2t - oY - ut - 5.

If we set j =[6""] we can conclude that (b) implies (c). Conversely if (c) holds
then integration by parts gives

l . l .
& =1 [ #70 ~ ue] dx s 4] [ P = dx = 4iG+ D)

for some constant A, so (b) holds.
Hilbert’s inequality

IIA

NZ a;a, l

N
2
jk=0oJ + k+ 4 j=20 Iajl

shows that (b) implies (a). We shall show that (a) implies (c). In fact since
1
2 ¢; i d; =f ) | X ax!|* du(x)
as long as only finitely many a; are not zero, we have if H is bounded
1
[ 1 Eanpaie = |l 2o,

and this holds whenever the power series is uniformly convergent on [—1,1].
If a; = r’ (0 <r<1) we conclude

f‘ dux) _ |H]|

1l=rx)2 = 1-1r2

and so
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B — u(r) _ f dux) _ |H]|
(

A-rz 1-rx)2=1—-r?
p) —pu) £2|H| A-n),

and a similar inequality holds for u(—r) — u(—1).

The next lemma, which we state in a general Hilbert space setting, will enable
us to pass from H to a more convenient (integral) operator with similar spectral
properties.

LEMMA 3.1. Lets# angéfbe Hilbert spaces and T a continuous linear transfor-
mation from  into S with dense range. Define the positive self-adjoint
operator A on J by the bilinear form

(Ax,y) = (Tx,Ty)

and define A on T(#) by A(Tx) = T(Ax). Then A is well defined, extends to
a~bounded positive operator on , and the spectral subspaces ., of A and
M, of A are related by

jl = Tﬂl

at every point of continuity of the spectral family of A. In addition A is completely
continuous if and only if 4 is.

Proof. A is well defined since it follows from the definition of 4 that Tx = Tx’
implies Ax = Ax’. If X = Tx then

| 4%|* = (ATx,ATx) = (TAx,TAS%)
= Wx0) s | Ax = |4 2].

(We have used the fact that 4% < || A[|>4 in the usual partial ordering of the

bounded self-adjoint operators on #.) Therefore A extends to a bounded oper-
ator on S If ¥ = Tx and j = Ty then

(4%,9) = (TAx,Ty) = (4’x,y)

and since A is self-adjoint and T(5£) is dense in o, the extended 4 is self-adjoint.
Let E; be the spectral family of 4. This may be defined by

E, = sup{E:E4=AE < iE}
where the E denote projections. At any point of continuity of E, we also have
E, = inf{E*:EA= AE = AE}.

Since .#, is invariant under A, T.#, is invariant under 4. Moreover if X € T.#,,
say if ¥ = Tx with xe.#,, then

(A%, %) = (4%x,x) £ M(Ax,x) = A%, %).
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This shows that T.#, c Ey(#) = #,. Similarly T4+ M+ . Now the sub-
spaces T.#, and T.#;" are mutually orthogonal, since if xe.#; and ye#;*
then also Ax e, and so

(Tx,Ty) = (Ax,y) =0.

In addition T, + TM; = T(M,+ M7) = T(#), which is dense in #. It
follows that T.#Z, and T.#+ are orthogonal complements of each other so the
inclusion T.#; = #; , which we have already seen, gives T/ >.#,. This,
together with the inclusion T.#, < M,, shows TM, = M.

Finally, A is completely continuous if and only if 3 is finite dimensional
for each A > 0, and similarly for 4. Since TH = M i, it is immediate that 4
is completely continuous whenever A is. The converse would also be immediate
if T were one-one. Thus if A" is the null space of Tand 4 is completely continuous
then A when restricted to A4 * is completely continuous. But since A vanishes
on A, A itself is completely continuous.

To see what the lemma does for us, assume that H is a bounded Hankel matrix.
Take for # and 5 the spaces I, and L,(u) respectively. Then ifa, b € I, we have

-] 1
@  @ab= T b= [ (Zap)(E b duto.
jk= -
The interchange of summation with integration is justified by Fubini’s theorem
since X |c;4xa,b;| < 0. If we take b =a we see that

T:a—> X ax

is a continuous linear transformation from I, to L,(u). It follows from the
Weierstrass approximation theorem that T has dense range. Identity (2) shows
that the operator A of the lemma is just H . As for 4, which we shall here call J,
we have whenever a€l,,
JTa=THa = X ¥ X ¢;y,a,
Jj

k

[z~ v ray du(y)

-1 j,k
_ (" Ta(y)
- j_l———l_xydﬂ(y)-

Now let fe L,(p) be arbitrary. Then f is the limit, in L,(u), of a sequence of
polynomials f,. Since J is continuous,

1
Jf(x) = lim Jf,(x) = lim j_lliz-(yT)y du(y).

n—> o0 n =+
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These limits are taken with respect to the norm of L,(u) but since

1 1
lim f_l%du(yh f{_‘%’c—y du(y)

n—> 0

for each x in (—1,1), we have almost everywhere (u)
1
_ f»
1569 = |- £ au.

Thus J is the integral operator on L,(u) with kernel (1 —xy)~'.

THEOREM 3.2. The following are equivalent:

(@) H is completely continuous,

® ¢;j=0(") as j— o,

) pl)—pux)=o0(1—-x)asx—1and u(x) — p(—1)=o0(1 + x) as x > —1.

Proof. We shall not give the proof of the equivalence of (b) and (c) ,which
is similar to the proof of the analogous part of Theorem 3.1.

Assume c; =o0(j"!). Then given ¢>0 we can write ¢;=c}+ c¢; where all
but finitely many c; are zero and where |c;’ | <e/(j+1) for all j. Then
H = H' + H” where H' has finite rank and, by Hilbert’s inequality, ]H " l < me.
Thus H is completely continuous.

Finally assume H, and so J, is completely continuous. Let

£ = () = p) ™01 (0)

(x = characteristic function). For any fe L,(u) we have by Schwarz’s inequality

2

1 1 1
|[_ s | = @ =0 [ aneo [ 1769 duce

1
= [ 1o fauen o

as r— 1. (Note that p is continuous at x = 1, by Theorem 3.1.) Thus f, converges
weakly to 0, and since J is completely continuous this implies Jf, converges
strongly (i.e. in the norm of L,(u)) to 0. Since

1 _ 1/2
Jf(x) = (u(1) — y(r))'”z ) ldl.i(i?y = (”(1)1 -l':.(;))

b

we have

1 ) ) o)
[ sera 2w -uey [ 105 CDKD

Thus p(1) — u(r) =o(1 — r) as r—1, and similarly p(—r) — u(—1)=0(1 —r).
The remainder of this section is devoted to the determination of the rate of
convergence to zero of the eigenvalues of certain completely continuous H.
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This is accomplished by a change of variable that transforms J into a modified
convolution operator, for which there are available techniques. Suppose that u
is absolutely continuous and that f is an eigenfunction of J corresponding to
the eigenvalue 4, so that

1
[ reopweas < e,

3)

YIOwW® o
-11_—xydy = ).f(X).

If we set
F(x) = [p'(tanhx)]"/? sechx f (tanh x)

then (3) is equivalent to

o]
f IF(x)Izdx < o0,
-

o . , 1/2
f. w[,u (tacjz)llsz)?x(?l;l)ly)] F(y)dy = AF(x).

Thus the eigenvalues of J, and so of H, are the eigenvalues of the integral opera-
tor on L,(—o0,00) with kernel

[u'(tanh x)u’(tanh y)]'?sech (x — ).

We shall write 4,(4) (n =0,1,2,--.) for the nth largest positive eigenvalue of
a completely continuous self-adjoint operator 4; N(e; A) will denote the number
of eigenvalues of A which exceed ¢. In both cases an eigenvalue of multiplicity
m is counted m times. The minimax characterization of the eigenvalues is

. A1)
A(4)= inf sup =,
Elyeees g&n SfLl81,...,8n (fsf)
(See, for example, [4], p. 237.) This has several well known and easy consequences
which we collect together as a lemma without proof.

LemMA 3.2. (a) If A; £ A, then A,(A,) < A,(A;) and N(g;A,) < N(e; A4,).

(b) If B is a self-adjoint operator satisfying ” B" =<1 then A,(BAB) < ,(4)
and N(e; BAB) = N(g; A).

(©) Apyin(As + A3) S 4, (A1) + 4,,(4;) and N(gy + &334, + A) < N(gy3 4,)
+ N(ez;4,).

What we are going to do now is find an asymptotic formula for

N(e; [V(x) V()] ?sech(x — y))
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under the assumption that V is well behaved and has support at least a half line.
This will be accomplished by dividing the x,y plane into three regions, and so
expressing the kernel as a sum of three kernels. All the eigenvalues of the first
kernel will be small. The eigenvalues of the second kernel will be dominated
by the eigenvalues of sech(x + y) on (0, ) and these, we shall show are very
rapidly convergent to zero. The eigenvalues of the third kernel, the main con-
tribution, will be estimated in terms of the eigenvalues of sech(x — y) on a finite
interval.

We shall use certain results of [7] (Lemmas 1 and 3 of §2) which can be stated
as follows. Given a positive number 6, let

__ hm __nmm
Y1 ————2(1_5), Yz-i(—l‘_l_—é)-

Then

. siny;(x — )
4 lim )." _ -1 s VS —
) = 0 ( n(x —y) =X y_l) 1,

and for some positive constant c;,

) (222 =9 o <1) < texp(em)
n ﬂ(x — y) ’ = ’ = = ]

for sufficiently large n.

LemMmA 3.3. For any 6 > 0 there exists constants As and az such that when-
ever o > o we have, for all ¢ >0,

1-—

68+A,,,
T

<1+ %;sech'l
N(e;sech(x — »),0 = x,y < a)

=1- cS)%oz—‘sech_l ! : J

L 8—A5’

where sech™'u is interpreted to be 0 if u > 1.
Proof. First a simple change of variable gives

o

Nessech(x — ), 0= x,y S0) = N(e; :

sechg(x -y, —1=Zx,y= 1).
Now

@ [° g o _ T

> f_we sechzxdx = zwsech aé

so that if fe L,(—1,1) and F(¢) = [1 €*¥(x)dx, we have
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1 pt . - ®
[ [ Gsecn 3 - sy TG ayax = 5 [ seohZe|Fee) e

3 [ 1@ + gsecn T [ |F@) P

IA

=5 [ [ S =D e dydst asech T, [ (5o,

1t(x

Therefore by Lemma 3.2(a) and (5)
2

_ < < oy < omcon _n
Asech(x — ), 0= x, ySa) S e " + msech 20(1 + 9)

for sufficiently large n. If we choose

nz

S ET))

then we shall have for all « > &, and sufficiently large n

2

n nm
— < <a)<
A(sech(x —y), 05 x, ySa) < 1= 6sech 24(1 + o)’

which gives the first of the desired inequalities. Similarly

L™ ech™e | Fo)2de = L sech™y f "R Pae
A o = 2 a’l
siny,(x —
= msech Ty, [ [ Sy
and so, by Lemma 3.2(a) and (4) we shall have for sufficiently large n

nn?
2e(1 =)’

n
- < <a)>
Afsech(x —y), 0<x, ySa)= ) sech

and this gives the other inequality.
Next we prove the needed estimate for the eigenvalues of sech(x + y) on
(0, ).

LeMMA 3.4. There are constants A,B such that for all ¢ >0
N(e;sech(x +y), 0<x, y <o)< Aloge™! + B.
Proof. Let K,(x,y) be the iterated kernel

Ky(x,y) = J; sech(x + z)sech(z + y) dz.

This function can be extended to be analytic in the polycylinder |x| <rn/2, | y|
<mf2,s0 we have for 0<x, y<=n/2
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Ky(x,y) = z aj,kxjyk
jk=0

where, for any R >2/z,
PREFISS

(Here and elsewhere we use the letter ““4”’ to denote a constant, which will vary
with ditferent occurrences of the letter.) We shall take R = 1 for simplicity. The
kernel

n—1 ok
Y a kXY
Jk=0
has rank at most n, and the operator on (0,1) with kernel

w .
h a; X'y

Jj.k=n

k

has norm at most the square root of

1/2 p1/2
J:) j:)

Therefore by Lemma 3.2(c)
)”n(K2’ Oé X, y é %) é AZ-”'

0 V2
Z a; xy I dydx < A27*",

J.k=n

Next, we can write

Ky(x,y) = 2 200 ﬂe—(mnxe—(zuny
2 j,k=oj +k+1 .
Suppose fe L,(4,00) and

o]
f(x)e”®*D*gx=0, j=0,1,--,n—1.
1/2

Then

lf f Kz(x,Y)f(Y)f-(x_)dydx , < 2”f|22 Y e UtktD
1/2J1/2

Jk=n

lIA

Ae™| 13-
It therefore follows from the minimax principle that
MKy, 3 x,y < 0) £ de™*".

To put together into a single estimate for 1,(K,) the ones we have obtained,
let P be the projection operator on L,(0, o) given by

Pf = X@1/2,o) -fs
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P’ the complementary projection operator

P'f = X0,1/2) fs

and K, the integral operator on L,(0, ) with kernel K,(x,y). Then by Lemma
3.2(c)

Aan(K3) £ 2,(PK,P' + P'K,P) + A, (PK,P)+A(P'K,P").
We have shown
J(PK,P) < Ae~%", A(P'K,P’)< A2-".

Since the eigenvalues of the square of an operator are the squares of the eigen-
values of the operator, we have

J2i(PK,P’ + P'K,P)*> < A,,(PK,P'K,P + P'K,PK,P’)
< A(PK,P'K,P) + A(P'K,PK,P’).
By Lemma 3.2(b)
A(PK,P'K,P) = 2(K,P'K,).

It is an easy fact that the set of nonzero eigenvalues of the product of two opera-
tors is independent of the order of the factors, so that

A(K,P'K,) = A(P'K3P’).

Since K, is positive (and it is for this reason that we have been considering K,
rather than sech(x + y)) we have

K: < | K| K,
which implies

P'KIP' £ | K, | P'K,P’
and so by Lemma 3.2(a)
M(P'KIP') £ | Ky | A(P'K,P") < 4277,

Similarly

A(P'K,PK,P') < Ae” ",
and we deduce finally

Aa(K;) S A(e™" +27"3).
Since 4, (sech(x+),0 < x,y < 00)? £ 1,(K,) the desired inequality is immediate.

LeMMA 3.5. Assume V(x) is locally integrable and nonnegative, monotonic
for large |x| , and tends to zero at + oo . Let o(¢) denote the measure of the set
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{x:V(x) > ¢/n}

and assume that as ¢ -0, 6(¢) > 0 and

[o(e)loge™']*? = o( 00—(—7—(—{'21—(1):).
1

(x2 — 1)1/2
Then as ¢ -0

N(&; [V V)T 2sech(x — y)) ~ 7% J; %){2 dx.

(The condition a(¢) - o0 is equivalent to ¥ having unbounded support. The
other condition on o, the ugly one, is actually very weak. It is not hard to see
for example, that if ¢ is absolutely continuous and

lim a(s)~*3 | a'(e) | eloge™!

-0

exists, whether finitely or infinitely, then the condition holds.)

Proof. We assume first that V is bounded and monotonic in [0, o) and in
(—0,0], and we write V=V, + V, where V,=0 in (0,00) and V; =0 in
(—00,0). Let 6/(¢) (i =1,2) be the measure of the set where V; exceeds &/x.

Let &,6,00 > 0. (Think of ¢ and § as small and « as large.) Let M be the smallest
integer such that V;(Ma) < ¢/n. (If V,(x) > ¢/n for all x take M = 0.) We divide
the quarter plane x,y >0 into 2M + 1 regions, M squares

O = {ka<x<(k+ Da, ka <y <(k+ 1)a}, 0sk<M,
one quarter plane _
P = {x>Ma, y>Ma}
and M pairs of strips
Sy = {ka<x <(k+ Da, y>(k+ Da}
U{x > (k+ Da,ka<y<(k+1)a}, 0<k<M.
Accordingly the kernel
KN(x,y) = [Vi(x) V(1] sech (x — y)
is written as a sum of 2M + 1 kernels. Let us first estimate
Nm; KY(x,y), S

By the monotonicity of V;, and Lemma 3.2(b), this number is not decreased
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if first [Vy(x) Vo(»)]*/? is replaced by V(ka) and then S, replaced by the union
of quarter planes
Si={x<(k+ Da,y>k+Da} U {x>(k +1a,y <(k+ Da}.
By the translation-invariant nature of sech(x — y),
N(n; V(ke)sech(x —y), Sx)
= N(n;V(ka)sech (x—y), {x<0,y>0} U{x >0,y <0}).
Now the second iterate of the kernel

sech (x — y) [X(—oo,O)(x)X(o,oo)(Y) + X(o,oo)(x)X(—oo,O)(Y)]
is
K,(x, J’)X(o,oo)(x))((o,oo)()’) + K,(—x, "J’)X(—oo,O)(x)X(—oo,O)()’)
where K, is, as in the proof of the preceding lemma, the second iterate of
sech(x + y) on (0, 0). Therefore using that lemma we conclude that there are
constants A and B so that for all >0

N1: K% (x, ), Sy) < Alog 1'(—,';3‘—) +B.

Consequently

M-t 5
NGGe; KV, ), US) < N(—;K‘“(x,y),sk)
k=0
M-1
(6) < AdY log MV L 4y
k=0 ¢
M-1
<Ay logV*D o app2
k=0 7

where A now depends on 6.
We consider next

N('I;K (l)(x9 y)’ Qk)

It follows from the monotonicity of V; that this number is not decreased if
[Vi(x) V()] ?is replaced by V(ka) and not increased if it is replaced by V ((k + 1)a).
After having performed one of these replacements the resulting quantity is un-
changed if Q, is replaced by 0 <x <a, 0<y<ua, and so by Lemma 3.3 we
have, as long as a > aj,

< (149 %oz—tsech"1 S—VEI% + 4,

20 (1+ d)e

2 (1-d)zsech™ V({(k + Do)

N(n; K (x, ), 00
| )
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On P we have [V(x)V())]'*<e/n and so the largest eigenvalue of
K™M(x, y) xp(x,y) is at most ¢/ times the norm of the operator on (— 0o, ®0)
with kernel sech(x — y), which is

o 0]
f sechxdx = =.
- ©

It follows that
N(e, KY(x,y),P) = 0.

Now the M + 1 kernels K™y, K™y, are mutually orthogonal, their sum
is a direct sum, so for any # the N(r]) for the sum is the sum of the individual
N(n)’s. Therefore

N (25 KO0.U @0 )

< (1+9 22 MZ—',I sech™! —° _ + AM
= n? oy nV (ko)

and
)
N(1+5,K (x,), UQkUP)

- &
(1-5) 2 sech™! W“AM-

In the last sum we have dropped the term k = M —1 since, by the definition of
M, V(Ma) < e/n. If we use these inequalities together with (6) and apply Lemma
3.2(c) we find

1 kW
N((l—_—g + 5)8, K (x,y))
A 20 Mot PR
= (1 + E_) (1 + 5) 7?' k2=:0 sech nV(koc)
L) JOaeT: )
N((1 5 6)s,K (x,y)

A 20 t -1 € 2 I’(O)
> —_— —_ — ————
= (1 )(l 5) 2 kgl sech V(k ) AM Al

where we have used the fact that logu™! < sech™! u. Now

MZ—I -1 P < h ' a1(e)/a h—l
k=0sech m < sec V(O) f sec

+ AM?,

&
nV(xa) dx

= sech™! —2— +1 i)

o tal) EonrE >

The last identity holds because each of the two integrals
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ai(e) [<¢]
-1 ¢ 0,(ex)
J; sech —ﬂV(x) dx, fl ——————(x2 — 1) dx

represents the area of the set in the first quadrant where V(x)sechy > ¢/n. Thus,
since M £ a”lo,(e) + 1,

1 () )
N((l—_';s' + 6)8,K (x,y)

A 2 (™ o,(ex) a.(e) 1
< — — —_— -
< (1+a)(1+5) nZJ; (x2—1)1/2d [ +1] +Aalog8,

with a similar inequality holding in the opposite direction. Analogous inequalities

hold for the kernel
K®(x,y) = [V2(x) V2(5)]"* sech(x - y).
Finally if we set
K(x,y) = [V(x) V()] "*sech (x — y)
we have
| NGr + '3 K) = [N@i; K©) + Nin; K2 |
< N(n';V(0)sech (x—y),{x <0,y >0} U {x >0,y <0})
Alog[V(0)/n'] + B,

as we have seen before. Therefore

N ((1—1—6 +26) s;K(x,y))
®  o(ex)

A 2 a(s) 1
s (1+5)aro s [ @ hmes +4| 72 ]*A“bg?

IIA

Now set
a = max[8~2 + a5, 0(s)**(loge™ 1)~ 1/3].

If « =62+ a, then o(c)> < Aloge™!. Since

log— = (f (xzaisxl))l/z )

(this is an easy consequence of a(g) » c0) we would have for small enough &
and ¢
1 2 ®  o(ex)
—_— 4 < —_ —_—
N((l —5+ 26)8,K(x,y)) < (1+25)ﬂ2f1 o=y

If > 672 + oy then
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a = o(e)**(loge™1)~ 13

and our other assumption on o(¢) yields the same inequality. An analogous in-
equality holds in the opposite direction.

We have assumed that V was monotonic in [0, ) and (—,0]. If now V
is an arbitrary function satisfying the conditions of the lemma we can find a
function V' which agrees with V for sufficiently large x, say for |x| > f, and
which is monotonic in [0, ) and (—00,0]. We decompose the x,y plane into
the square |x| =< B, the two quarter planes

{x>pB,y> 8},
{x< _ﬂsy< _ﬂ}

and the remainder. We now use arguments quite similar to ones already used
and find that

N( (1—1-5 + 35)3; [V()V(»)]/*sech(x — y))

2 [® o'(ex) 1

where ¢'(¢) is the measure of the set where V'(x)> ¢/n. We shall not go through
the details. Since ¢'(¢) < a(e) + 2 we find that for sufficiently small 6 and ¢

N ((l—i—é 35)8; [V(x)V(»)]"/*sech(x — y))

2 [* o(ex)

&2 — niz

The reverse inequality holds with § replaced by —J everywhere, and since &
is arbitrarily small the assertion of the lemma follows.

We now have immediately the following result for the eigenvalues of Hankel
matrices.

THEOREM 3.3. Assume p is absolutely continuous and V(x)= p’(tanhx)
satisfies the conditions of Lemma 3.5. Then

NEH) ~ 2 f %‘%?))T)}; dx.

Let us take as an example the matrix
H =((j+k+a)-¢_l)’ j’k=09l,2a"'9

where a #0,—1,—2,.-- and a > 0. If a > 0 we have
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1 = 1 J‘lxjx“'1 lo l)adx
Graptt  Te+D ), &%

and the theorem shows, after an elementary computation, that

A(H) = 1/exp[(an)*n + o(n'/?)].

If a < 0 but is not a negative integer then H is no longer positive, but the same
asymptotic formula holds since H is a matrix of finite rank plus a matrix

00 )
0 H’
where H' is of the same form as H but with positive a.
The preceding theorem gives us no information in case u is supported in a
closed subinterval of (—1,1). In this case the c¢; tend to zero exponentially as

j— oo and it is easy to conclude that the same is true of A,(H) as n — oo. The
following theorem gives more precise information.

THEOREM 3.4. Assume p' is bounded, vanishes outside the interval (a,b)
where —1 <a<b<1, and is bounded away from zero in every closed sub-
interval. Then

_ a2\1/201 __1,2\1/2 _

oo N " 1—ab —ab

where K is the complete elliptic integral of the first kind,
/2
K@) = f (1 — r*sin?0)" 240
(V]

Proof. The theorem follows easily from the special case where p' =y, 5)-
Then
A(H) = A(sech(x — y), tanha < x,y < tanhb)

= n(ﬂSCChﬂ(x—y), —léx’ }’§1)

where f = 4 (tanh b — tanha). The conclusion follows from Theorem II of [7].

One might wonder whether it is true that the asymptotic behavior of the c;
as j— oo determines the asymptotic behavior of A,(H) as n - co. Theorem 3.4
shows that it is not. If for example

1/2 2
¢ = j xldx, ¢ = f xTdx
0 1/4
then clearly c;~c;’, but the limits

.1 1
lim —logA—n

o I
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are different for the two matrices. It really seems to be the behavior of the function
u, rather than the c;, which directly atfects the asymptotic behavior of the eigen-
values.

The ideas of this section can be applied equally well to integral operators on
L,(0, o) with kernels of the form k(s + t) where

k(s) = J; e du(x).

In analogy with the discrete case one can show that the operator is bounded if
and only if u(x)=0(x) as x> o0 and pu(x) — u(0) = O(x) as x — 0; the con-
ditions for complete continuity are obtained by replacing the O’s by o’s. If the
operator is bounded then the map

f(@s) » J; x*f(s)ds

is continuous from L,(0,00) to L,(u), and if we apply Lemma 3.1 with
H# = L,(0,0), # = Ly(), and T the above map, then A4 is just the integral
operator on L,(0, o) with kernel k(s + ¢) and A4 is the integral operator on L,(dy)
with kernel (x 4+ y) ~'. If u is absolutely continuous a change of variable shows
that this operator has the same eigenvalues as

[/ (&) ' (e)]'? sech(x — y)
on L,(—0, ), and one can easily obtain analogues of Theorems 3.3 and 3.4

4. Finite Hankel matrices. We shall consider here certain limiting properties
of the finite Hankel matrices

Hy = (cj-l-k)’ j’k=0’1"":N—'10

The c; will be assumed to be nor-negative throughout and the type of result ob-
tained will depend on the behavior of the c; as j — oo . There will be four cases:

@ ¢;= o(j™Y);

(i) cj ~L(j)/j,L slowly varying and nondecreasing;

(i) ¢; ~ L(j)j*, L slowly varying and a > —1;

(iv) logc;/logj— o0.

In cases (i) and (iii) it will be shown that the Hy, suitably normalized, converge
in the uniform operator topology to a limiting completely continuous operator.
Since this implies that the spectrai family of these normalized Hy converge uni-
formly to the spectral family of the limiting operator [4, p. 372], the limiting
behavior of the eigenvalues and eigenvectors will have been determined. In case
(ii) we shall establish an asymptotic formula for the number of eigenvalues of
H,y, which exceed a constant times L(N), and shall determine the limiting behavior
of the eigenvector corresponding to the largest eigenvalue. In case (iv) we shall
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determine only the asymptotic behavior of the largest eigenvalue and corre-
sponding eigenvector.
First we prove a simple lemma.

LEMMA 4.1. Let Ay be operators on Hilbert space, A a completely con-
tinuous operator. Assume that for any uniformly bounded sequence of vectors
{xx},xy— x weakly implies Ayxy— Ax strongly. Then | Ay — A| —0.

Proof. If the conclusion of the theorem were false there would exist a sequence
of vectors xy with || xy | =1 such that

| (Ay — Axy| + 0.

By choosing a subsequence if necessary we may assume that xy converges weakly
to some vector x. Then by our main assumption Ayxy — Ax strongly, and by
the complete continuity of A4, Axy — Ax strongly. Thus

” (Ay — A)xy " -0,
which is a contradiction.
Let Py be the projection operator on I, defined by
Pylao, -, ay-1,an, -} = {ag,*+,ay-1,0,--}.

If ¢;=0(j ~1) then the infinite Hankel matrix H is completely continuous (Theo-
rem 3.2) and Hy may be identified in an obvious way with PyHPy.

THEOREM 4.1. If cj=o(j'1) then PyHPy— H in the uniform operator
topology.

Proof. If ay — a weakly then Pyay — a weakly (since Py — identity strongly)
and the complete continuity of H implies that HPyay — Ha strongly. Consequently
also PyHPyay— Ha strongly and we may apply the lemma.

If A is an eigenvalue of Hy with corresponding eigenvector {aq,--:,ay—1}
then A is an eigenvalue of the integral operator on L,(0,1) with kernel

Negney+onm

and has corresponding eigenfunction apy,;. Moreover all eigenvalues and eigen-
functions of the kernel arise in this way and we may therefore consider the integral
operator as completely equivalent to Hy . In case (iii), (Ncy)~! times this operator
converges uniformly.

THEOREM 4.2. If ¢;~ L(j)j* with L slowly varying and o> —1 then the
integral operator on L,(0,1) with kernel

-1
N CINx1+[Ny]

converges in the uniform operator topology to the operator with kernel (x + y)*.
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Proof. We first show that for any é > 0 we have
0 L(Nx) < x"°L(N)

if Nx is sufficiently large. (Throughout the argument x and y will be confined
to the open interval (0.1).) We know that for sufficiently large u we shall have

L(u) < (1 + é)L(eu)
and so by induction
L(u) < (1 + 6)"L(e"u).

If we set n=[logx™'], u= Nx we deduce
L(Nx) < x ~°L(e!"**"'INx)

and so (7) holds for large Nx.
Next we show that for some constant 4,

®) ey lc[Nx]+[Ny] SEx+y%+4

for all N,x,y.
It follows from (7) that if N(x + y) is sufficiently large,

CINx1+IN] ([Nx]; [N)’]) L([Nzil;) (vyD _ x + yp2.

CN

If N(x + y) remains bounded then

vt < A <y ety g
R ’

Now let fy be a sequence of functions in Ly(0,1) with |fy |, <1 and fy—f
weakly. It is easy to see that for each x >0

eyt CNx+ig = (X + )¢

uniformly in y. Therefore, for each x>0,

1
CINx1+[Ny]
[ oy, )y

N

! CINx1+[Ny] @ ' *
= fo [—— —(x+y) ]fN(y)dy + X x + y)fa(y)dy

CN
1
> [ e nrromy.
But from (8), using Schwarz’s inequality,

1 2 1
I f C[Nx]+[Ny]fN(y)dy| ézj‘ (x+y)2(a—6) dy+A.
° CN 0
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If 8 is chosen so that « —&> —1 then the function on the right is integrable over
(0,1), and we can therefore use the Lebesgue dominated convergence theorem
to conclude that

1 1
f e ey un/0) dy = f (x + )Y G) dy
1) 0

in L,(0,1). The theorem therefore follows from Lemma 4.1.

In case (ii) we can apply an entirely analogous argument, but since in this case
(x + y) "!is not the kernel of a completely continuous operator Lemma 4.1 is
not applicable and we cannot assert (in fact we do not have) uniform convergence
of the operator with kernel c;,lc[Nx]ﬂNy] to the operator with kernel (x+ y)~%
Of course we do have strong convergence, and this has some consequences [4, pp.
368-369] but they are of less interest than the consequences of uniform convergence.
For example little can be concluded about the limiting behavior of the largest
eigenvalue or its corresponding eigenfunction. We therefore use a different approach.

In the following theorem the hypothesis concerning the c; is stronger, but
not very much so, than that stated in (ii).

THEOREM 4.3. Assume that L(x) is absolutely continuous in x =0 and that
for large x,

L(x)

xL(x)

Let c,=L(n)(n+1)"". Then for any a in 0<a <1, N(maL(N);Hy), the

number of eigenvalues of Hy which exceed naL(N), is asymptotic as N — oo
to the area in the first quadrant bounded by

| 0.

x=1logN, L(e")sechgy = aL(N).

Proof. If Lis changed on a finite interval then N(e; Hy) is changed by at most

a bounded amount and the same is true of the area described. Therefore we may
assume that L(x)(x + 1) ~! is nonincreasing throughout x = 0. If we denote
the eigenvalues of Hy by Ay ; (0 < j < N) then we have for each positive integer n,

St _ S L(ja+J) Ly +Jj2) - L(ju=1 +Jjn)

;= X — L . . .

j=0 jtsin=0 Untit+ D01 +j2+ 1) (por +j.+ 1)
If in the sum on the right any one of the j’s is restricted to be zero the resulting
sum is O(L(N)"). Therefore if we use the well-known inequalities comparing a
series of monotone terms with a corresponding integral we obtain

"Nt n N N L(xn + xl) L(xl + x2) ot L(xn—l + xn)
=
ji=0 V] 0

9

Cot 2 T D0+ 5 Do (ry 3, 1) 0%

(
+ O(L(N)").
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Set
M(tl, ""tn—hx)

L[+ t)x—1] - L[(1 + t,_ )ty g tyx — L] L[ -+ t,—y + 1)x]
- A+t t, )+ D+ Dty + 1) '

Then if we define the new variables ¢, ,:--,¢,-1,X by

X+ 3 =t tx, 1<k<n,
X, + % = X,
the integral on the right side of (9) becomes
N+1/2
(10) J dx f f Mdt, - di,_,,
1/2 X

where the inner n — 1-fold integral is taken over the region
0=t -t x<N+1%, 1<k<n.
Now given J > 0 there is a constant X, so that
Liyx) £ (1 +y’L(x), y20,x=X,.
Therefore if x = X, we have
M(ty, -5 ty-1,X)

[+ 6% [A+ ty- Dty -t Pty gy +17° n
= 1 (1+t,~-t,,_.ll)(t12+1;--~(t1_l+ll) Ly

= N(th"'stn—l)L(x)n’

say. If o is sufficiently small,

@ [ o]
f b f thl "‘dt,,_l < 0.
] 0o

Therefore given & >0 there is a region R, whose complement (in 0 < f; < o)
R; is bounded and bounded away from the coordinate hyperplanes and such that

f f Ndt,-dt,_, <e.
R

Since L is slowly varying there is an X, so that whenever x = X,,
(1, st,—1) €R; we have

=(1 +9L(x),

LI+ t)x =10 L[(A + t,_ Yty - tyx — 1]L(t -+ b,y + 1)x]{
2(1 — e)L(x)".
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Consequently if X = max(X4,X,),

J‘ e f f Mdt dt -
1° n
X

N+1Z ] (x)m dty---dt,_
S (1+59 J; ——x—dxf I.(.é. f A+t t”_l)l(tl + ].)1--.(t”_1 +1)

N+1/2 n
+ sf -L—'(-J—C)—d

b'e X
Set
@ @ dt, ---dt
11 I, = ff Lot .
(1) o o UFthitDEH+D (s ¥ 1)
Then we find

f v f fMdt o dt,_
1° n
X

< [A+9I,+ s]J~

[ [ Mty
1/2 x

is bounded as N — o0, and so we conclude that the integral in (10) is at most

N+ 1/2L(x)n

dx.

It is easy to see that

N n
[ +s)1,,+2e]f % d
1
for large N. Similar reasoning shows that the integral is at least
N n
[(1 =&)L, + 2¢] j L—'(;-?— dx;
1

the main difference here is that R, must also be so chosen that the integral in
(11), extended over R’ rather than 0 < ¢, < 0, is at least (1 — &)I,. If we use

the easy facts
o = of [ 42 ),

le l—'(:—) dx O(L(N)"'l j;N L(_xx) dx) s

then we obtain, recalling (9),
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N-1 N n N

(12) T o, =1, f LS o(L(N)"'l f L= dx).
j=0 1 X 1 X

If in the integral (11) we set

exp[2x,],
exp[2(x, — x,)],

Iy

173

b1 = exp[z(xn—l - xn—Z)]

then we get
[o0] )
= f f sechx, sech(x, — x;)---sech(x,_, — X,_ )dx; - dx,-,,
- -0

which is the value at 0 of the n-fold convolution of sechx. This is the integral
over (— 0, o0) of the nth power of

o0
f " sechx dx=mnsech ~y.
- 2

Thus

1 (® n \" *® 7 \*
I,= 3 j_w(nsech iy) dy —J; (nsech 2—y) dy

and so (12) may be written

N, = f f nL(x)sech )"dy—
+ o(L(N)"'lfl H—)?dx).

This was proved for n=2,3,.- and a somewhat simpler argument shows that
it holds also for n =1. It follows that for any polynomial P without constant

term

b3l PN Un) = J f (L(N)sech )dyd—;-

Jj=

+ o(L(N)'1 JIN l—%dx).

Since by Hilbert’s inequality
| Hy || < nmaxy. cow- 1, LAN")
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we see that the quantities L(N) ™ 'Ay, ; are bounded. The same is true of
L(N)"'L(x)sechiny (1 £x =< N). Given any bounded ¢ interval, any a in
0<a<1, and any ¢ in 0 <& < a we can find polynomials P, P, without con-
stant term so that on this interval

Pl(t) é X(na,oo)(t) é Pz(t),
P2(t) - Pl(t) = Bl tl + X(a—a,a+£)(t/n)'

Therefore we have

N-1 B d
bl ) S [ [ b (apsec 5) 0 2
N
(13) + (gs+¢;(1))m\r)‘l fl E(xi)dx
+ 7% J.IN [sech‘l(a—s)LE ))—-sech l(a+x-:)LL§N))]

The left side of the inequality is the number of eigenvalues which exceed na L(N)
and the double integral on the right side, which we call shall I, represents the
area described in the statement of the theorem.

We show next that

N
(14) LNt fl I@dx = o).

If L'(x) = 0 for arbitrarily large x, then, by our main assumption, L is constant
for sufficiently large x and both the left side of (14) and I are asymptotically
nonzero constants times log N. Assume therefore that L’ is ultimately positive
and set

p(N) =

Then

v
SIS
&

Q
=

A
S
%
2
Y
>

Let A be so large that xL'(x) L(x)"! is nonincreasing for x = A. Then if in
the integral [{x “'L(x)dx we make the change of variable y=L(x) we
obtain
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[ gy o [ 10

f‘d
4 X Ly XL'(x) y

L)
s2f 4
1

J2L(N) xL(x)

2N£(ﬁdx

< 2L(N) =.

Therefore | Yx"'L(x)dx = O(IL(N)) and (14) is established.
For the remaining integral in (13) take ¢ < a/2. Then by the monotonicity
of L,
L(N) a

(a—¢) — >

L(x) 2°
Now there is a constant 4 with the property that if a/2 <u < v then
sech™'u — sech ™10 < A(v — u)'/?,
so the integrand in the last integral of (13) is at most
1/2
A(Z € I:(—N—)) .
L(x)

But if (¢ — &) L(N)/L(x) = 1 the integrand is zero. Therefore the integrand is at

most
1/2 1/2
TEERIE
a—e a

and so the last term in (13) is at most
Ag'?logN

with a different 4. If we use this, the fact that log N = O(I), and (14), then we
obtain from (13)

1

N_

Zox(m,w)(L(N)'lln, A=A+ o()I.

j=

The opposite inequality can be obtained similarly and so the theorem is proved.
We have the following corollary, which was conjectured by Wilf [8].
COROLLARY. For the Hilbert matrix

((j+k+a.)-l)’ j,k=0,1,'",N—1,
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with « #0, —1,—2,.-- the number of eigenvalues which exceed na (0 <a <1)
is asymptotically

% log N sech™a.

Let us return to a general Hankel matrix Hy in case (ii) and consider the behavior
of the norm (largest eigenvalue) and corresponding eigenvector. As was mentioned
in the discussion preceding the statement of Theorem 4.3, the integral operator on
L,(0,1) with kernel

-1
CN CNx1+[Ny]

converges strongly to the integral operator with kernel (x + y) "%, an operator
with norm =. It follows easily that

Conversely

UHN " <
<n max ————=".
L(N) = h<an-2 L(N)
If either (n + 1)c, is nondecreasing for all n = 0 or L(N) — oo the right side will
approach = as N — oo and we shall have || Hy " ~ nL(N). However if

L(N)»>Ly,< ©

but L is not nondecreasing for all n we may well have lim inf " Hy || > L.
(For example if ¢, =n "' for n >0 then | Hy|| = ¢, — = for all N.) Nevertheless
| Hy|| does approach a finite limit in this case, namely the norm of the infinite
Hankel matrix H. In any case let us set

n L unbounded,
A= lH]|
m L bounded.

Then A = n and

La |

) -2, N-> .

Let {ay;} (0=<j<N) be the eigenvector of Hy corresponding to its largest
eigenvalue || Hy ||, we assume all ay ; = 0 (as we may since the matrix has non-
negative entries) and the ay ; are normalized so that

— ay ;=1.
N 720 N,j
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We write
Sa(X) = ay v 0x<1.

THEOREM 4.4. Let ¢ be the smallest positive root of
sin né = z ,

50 0 < & £ 4. Then fy(x) converges to f(x) (a) uniformly in (5,1) for each 6 >0
and (b) weakly in the sense that | ofn(x)g(x)dx - f of(x)g(x)dx for all continuous

g, Where 1 1 "
f(x)=r(1__§)r(7+§)j‘°° r(z+3)r(a-3+3)
i +

47!3/211 ico N 1 s
r (‘ +7)F (= 2—)

+

xds.

Proof. The matrix equation

L cjnuan = Hylan,;

k=0
is equivalent to the integral equation

1

) || e aness i) dy =™ | 130
Now to prove the theorem it suffices to prove that every sequence {N'} has a
subsequence {N”"} for which the desired convergence holds. Since the fy are

non-negative with integral one, we can find a function u(x) nondecreasing
for 0= x <1 and a subsequence {N"} such that

1 1
j () (x) dx f £(x) du(x)
0 0

for any g which is continuous on 0 < x < 1. We shall henceforth write N for N”.
Since for any x > 0, (x + y) ~'is continuouson0 < y <1 and

-1 -1
CN Cvay+an = (x + )

uniformly, we have

1
J; Y lC[Nx]+[Ny]fN(Y) dy

_fl CNx1+[Ny] _ l)f()d _I_..f' 1
B ey x+ )T r

> f 5 O

" fn(y) dy
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Since (NcN)'lﬂ Hy H — A it follows from this and (15) that
fx) = lim fy(x)
N- oo

exists for each x > 0 and that

1
(16) [ 5 =250,

But since the f are uniformly bounded on every interval (6, 1] (this follows from
(15), the uniform boundedness of ¢y lc[,,,x]ﬂNy], and the fact that || I || (=1 pis
absolutely continuous on (0, 1] and p’(x) =£(x) there. We can therefore write (16) as

#(0 +) — p(0) Yy o,
~ +L x_l_ydy—,lf(x).

But f € L, implies that the integral on the left side is at most o(x"')as x -0, so
that if u(0 +) — p(0) # 0 we would have Af(x)¢ L,, which is a contradiction.
Thus p is continuous at zero and

(G
a7 L mdy—lf(x).

We know that fy(x) - f(x) weakly. Uniform convergence on (J,1) follows from
the facts that fy(x)—f(x) boundedly and pointwise and that c{,lcm,,]ﬂNy]
converges to (x + y) ~! uniformly for x=6, 0y <1.

It remains to prove that f(x) is what it is claimed to be. Since j‘(l, f(x)dx =1 we
can write (17) as

[ (s - Loy =100 - &
o \x+y x vy = x

Let this identity, which holds for 0 < x < 1, be used to define f(x) for x> 1.
Then Af(x) — x~ ! is O(x~ ") for small x and O(x~?) for large x. Let 0 < %s < 1.
If we multiply both sides of the equation by x° and integrate with respect to x

over (0,00) we obtain
o 1 1 0 xs— 1
Af(x ——)xs dx —J d f dx
[ (e - 5 w0y |
1
= — T CSC TS f f(}’)ysdy,
(1]

the interchange of the order of integration being justified by Fubini’s theorem. Set

®®=L7wmm

¢m=£7mmm3fa
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Then ® is analytic in %&s > 0 and bounded in #s = > 0 and ¥ is analytic is
Z%s <1 and bounded in #s<1—9J < 1. Moreover

(A + 7 csc ns)D(s) = —ls— — Y¥(s).

The next step in this complex-variable solution of (17) is what is essentially the
Weiner-Hopf factorization of A + m csc ns. We have (recall the definition of &)

sin %(§+s)cos -’;—(5 —5)

T
1+ —cscns =
4 sinnscos 7Ts
2 2

SO

r(l_é_%)r(zi+§_%) (i_qf(s)).

The left side is analytic on #s = 4 and is bounded as |s| — o0 ; the right side is
analytic on #Zs < 1, except for a simple pole at s = 0 with residue

ﬂ"’zl"(l - %)r(%w %)

and is bounded as |s|— oo. Since also ®(s) >0 as s—+co the two sides are
analytic continuations of each other and equal

ap (- S el E)e
o °r ( 1 5 ) r ( > + 3 )s
in their respective domains of definition. Therefore @ is found and the inversion
formula for the Mellin transform gives the desired expression for f(x).
Finally we consider case (iv), when the ¢; tend to infinity more rapidly than any

power of j. In [6] we determined the asymptotic behavior as N — co of the largest
eigenvalue (norm) and corresponding eigenfunction of the integral equation
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N
fo K(x + S )y = Af(x)

under the assumption that k increases rapidly and regularly. Quite analogously
one can treat the case of Hankel matrices. We shall only state the result here.
Let {ay,;} (0<j = N) be the eigenvector of Hy, corresponding to the largest
eigenvalue || Hy.y ||, normalized so that

N
aN'jgo, 2 a%,_j=1.
i=0
THEOREM 4.5. Assume c; is ultimately increasing and

G St 1) joroo.

cj_cj-l Cj_l_c‘]_z

Then as N —> o0 we have

" 2
CaN
HN+1 N T
Can — C2N-2

N ( 1/2 2
Con — Can—2) 1/2
.E [ ay,;— . €35 - 0.
Jj=0 2N
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